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Abstract
The arithmetic Kodaira–Spencer class of the universal elliptic curve was introduced in [A. Buium, Dif-
ferential modular forms, J. Reine Angew. Math. 520 (2000) 95–167]; its reduction mod p was explicitly
computed by Hurlburt [C. Hurlburt, Isogeny covariant differential modular forms modulo p, Compos. Math.
128 (1) (2001) 17–34]. In this paper the complicated expression of Hurlburt is shown to be the unique so-
lution of a simple partial differential equation subject to a certain initial condition and weight condition.
© 2005 Elsevier Inc. All rights reserved.
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The arithmetic Kodaira–Spencer class of the universal elliptic curve is an object introduced
in [2] and played a key role in that paper. An entirely explicit formula for this class was given
by C. Hurlburt in [3]. However, the modular form mod p appearing as the “constant term” in
Hurlburt’s formula is extremely complicated and, therefore, quite mysterious. The aim of this
note is to show that this complicated term satisfies a simple partial differential equation and is
actually pinned down by that equation plus a certain weight condition and an initial condition
at an ordinary point with j -invariant = 0.1728. This differential equation has some interesting
consequences and provides, we believe, a new insight into the “mysterious” constant term in
Hurlburt’s formula.
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298 A. Buium / Journal of Number Theory 119 (2006) 297–306In Section 1 we review the definition of the arithmetic Kodaira–Spencer class [2], we review
Hurlburt’s result [3], and we state the result of this note. Sections 2 and 3 are devoted to the proof
of our result.
Throughout the paper, p is a fixed prime number, supposed to be  5.
1. Main concepts and statement of the result
Let Fp be the prime field with p elements, let a4, a6, a′4, a′6 be indeterminates, and let Δ ∈
Fp[a4, a6] be the reduction mod p of the “discriminant” polynomial
Δ := −26a34 − 2433a26 .
We are interested, in this note, in a certain rational fraction
f¯def ∈ M10 := Fp
[
a4, a6, a
′
4, a
′
6,Δ
−1], (1)
considered in [2], that can be interpreted as the “arithmetic Kodaira–Spencer class” of the uni-
versal Weierstrass elliptic curve. We recall its definition. Consider the rings
M0 := Zp
[
a4, a6,Δ
−1]̂ , M1 := Zp[a4, a6, a′4, a′6,Δ−1]̂ , (2)
where Zp is the ring of p-adic integers and the superscript ̂ means “p-adic completion” and let
φ :M0 → M1 be the unique Zp-algebra homomorphism such that φ(a4) = ap4 + pa′4, φ(a6) =
a
p
6 + pa′6. Let E be the universal Weierstrass elliptic curve over M0,
E = Proj M
0[x, y, z]
(y2z − (x3 + a4xz2 + a6z3)) .
Take a covering of E by affine open subsets Ui and lift φ to ring homomorphisms φi :O(Ui )̂ →
O(Ui)⊗̂M1 with φi(f ) ≡ f p mod p for all f ∈O(Ui). Then the differences
1
p
(φi − φj ) mod p
give rise to a cohomology class
ξ ∈ H 1(E ⊗M10 ,F ∗Θ)
where Θ is the sheaf of M10 -derivations on E ⊗M10 and F is the absolute Frobenius on E ⊗M10 .
Consider the basis dx/y of , the dual of Θ , identify F ∗Θ with the trivial bundle via this basis,
view ξ as an element of H 1(E ⊗M10 ,O) and define
f¯def := 〈ξ, dx/y〉 ∈ M10 , (3)
where
〈 , 〉 :H 1(E ⊗M10 ,O)×H 0(E ⊗M10 ,Ω)→ M10
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result that gives the terms in f¯def involving a′4 and a′6:
Theorem 1.1. [3] There exists c ∈ F×p such that
f¯def = cΔ−p ·
[
Ep−1
(
2ap4 a
′
6 − 3ap6 a′4
)+Φ0],
where Φ0 ∈ Fp[a4, a6].
In the above statement Ep−1 ∈ Fp[a4, a6] is the reduction mod p of the Eisenstein modular
form of weight p − 1, Ep−1 ∈ Z(p)[a4, a6]; cf. [6, p. 164]. An explicit formula was then given
in [3] for Φ0. The formula involves various nested sums of monomials in a4 and a6 with certain
combinatorial coefficients; the general shape of the formula is rather complicated and qualitative
properties of f¯0 are not easily grasped from its form. Nevertheless, by a direct use of the formula
plus some tricky combinatorics, Hurlburt proved [4] that if p ≡ 2 mod 3 or p ≡ 3 mod 4 we have
that
Spec
M10
(Ep−1)
⊂ Spec M
1
0
(f¯def)
. (4)
The significance of this, explained in [4], is that the “supersingular locus” (the left-hand side of
Eq. (4)) is not contained in the “isotrivial locus” (the right-hand side of Eq. (4)).
To state our result recall that we have at our disposal the classical Serre operator
∂¯ = −2332a6 ∂
∂a4
+ 24a24
∂
∂a6
: Fp[a4, a6] → Fp[a4, a6].
Here is the result of this note:
Theorem 1.2. The partial differential equation
Ep−1 · ∂¯X −Ep+1 ·X = 12Δ
p − 1
2
Δ ·E2p−1 · (a4a6)p−1, (5)
with unknown X ∈ Fp[a4, a6], has Φ0 among its solutions. Moreover, Φ0 has weight 11p − 1
and if Φ1 ∈ Fp[a4, a6] is any other solution of Eq. (5), of weight 11p − 1, then
Φ1 = Φ0 + λEp−1(a4a6)p
for some λ ∈ Fp .
In the above statement weights in the polynomial ring Fp[a4, a6] are computed, as usual, by
giving a4 and a6 weights 4 and 6, respectively. Also Ep+1 ∈ Fp[a4, a6] is the reduction mod p
of the Eisenstein modular form of weight p+ 1, Ep+1 ∈ Z(p)[a4, a6]; cf. [6, p. 164]. By the way,
recall [6, p. 165], that, in our notations, ∂¯Ep−1 = Ep+1.
The main significance of our result is, for us, that, in spite of the considerable complexity of
Hurlburt’s formula for Φ0, the left-hand side of Eq. (5) has a very simple shape; in other words
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a4 and a6, using Hurlburt’s formula. One can find Φ0 among the solutions of Eq. (5) by just
knowing the value of Φ0 at a single point (α,β) ∈ F2p which is not a zero of Δ, Ep−1, a4 or a6.
(Here Fp is the algebraic closure of Fp .) Of course (α,β) not being a zero of Δ and Ep−1 simply
means that the elliptic curve y2 = x3 + αx + β is ordinary; the condition αβ = 0 means that the
corresponding elliptic curve has j -invariant = 0.1728.
On the other hand, as a by-product of the fact that Φ0 satisfies Eq. (5), we get that Δp belongs
to certain ideals in Fp[a4, a6]:
Corollary 1.3. Δp ∈ (Ep−1,Ep+1).
Corollary 1.4. Δp ∈ (Ep−1,Φ0).
It is well known that some power ΔN belongs to (Ep−1,Ep+1); indeed, due to the presence
of weights, this is easily seen to be equivalent to the fact that Ep−1 and Ep+1 have no common
factor and the latter is classical, cf. [6, p. 167]. So what our Corollary 1.3 shows is that one can
take N = p in the above statement.
Corollary 1.4 shows, for instance, that
Spec
M10
(Ep−1)
∩ Spec M
1
0
(f¯def)
= ∅ (6)
which strengthens Hurlburt’s result [4]; cf. Eq. (4).
As another consequence of our Theorem 1.2 one can give a new proof of a result of Robert [7];
cf. Corollary 1.5 below. After the publication of Robert’s paper [7] a number of authors have
reproved this result; in particular a proof based on the theory of differential modular forms [2]
(implicitly involving f¯def) was given by Barcau in [1]. Our argument, however, is different from
Barcau’s.
Corollary 1.5. [7] Assume E1 and E2 are two elliptic curves defined by y2 = x3 + A1x + B1
and y2 = x3 +A2x +B2, respectively, with A1,B1,A2,B2 in an unramified extension O of Zp .
Assume we are given an isogeny E1 → E2 of degree N , prime to p, defined over O, and assume
E1 and E2 have supersingular reduction. Then
N ·Ep+1(A1,B1) ≡ Ep+1(A2,B2) mod p.
Proof. Let φ :O→ O denote the unique lifting of Frobenius and let δ :O→ O be defined by
δa = (φ(a)− ap)/p. It follows directly from the definition of f¯def that
f¯def
(
A1,B1, δA1, δB1
)= N · f¯def(A2,B2, δA2, δB2),
where the upper bar denotes reduction mod p. On the other hand, Theorems 1.2 and 1.1 imply
the following congruence in M10 :
f¯defEp+1 ≡ − c mod Ep−1.2
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done. 
We will prove our Theorem 1.2 without using Hurlburt’s formula for Φ0. (It is conceivable
that a different proof could be given by using Hurlburt’s formula for Φ0; the expected combi-
natorics behind such an approach seems to us, however, quite forbidding and, if successful, not
particularly illuminating.) Our argument runs as follows. We first use the theory in [2] to com-
pute the Fourier q-expansion of Φ0; cf. Section 2 below. Then we discover that the derivative
with respect to q of this expansion has a particularly simple form; cf. Section 3. We conclude
the proof of the first assertion of the Theorem by the Fourier expansion principle mod p. The
second assertion of the theorem follows from an easy analysis of the space of solutions to our
equation; note that, since we are in characteristic p, the fact that a differential equation plus one
initial condition pin down the solution is not automatic.
For the background on modular forms mod p we shall use Lang’s book [6]. However some
of our notations will be at variance with [6]; for instance, our Ep−1 and Ep+1 are the forms A¯
and B in [6, p. 165]. This conflict of notations is due to the fact that we wanted our notations to
match those of the other papers in the bibliography.
2. Fourier expansion of Φ0
We need to review some of the theory in [2].
For any element f ∈ Zp[a4, a6, a′4, a′6,Δ−1 ]̂ we usually write f = f (a4, a6, a′4, a′6); note
that it makes sense to substitute the four variables in f by any elements in a p-adically complete
ring in which the image of Δ is invertible. Let Λ,Λ′ be two more variables and denote by
φ : Zp
[
a4, a6,Δ
−1,Λ,Λ−1
]̂ → Zp[a4, a6, a′4, a′6,Δ−1,Λ,Λ′,Λ−1]̂ (7)
the unique Zp-algebra homomorphism such that
φ(a4) = ap4 + pa′4, φ(a6) = ap6 + pa′6, φ(Λ) = Λp + pΛ′.
We will write f φ := φ(f ) for any f ∈ Zp[a4, a6,Δ−1,Λ,Λ−1 ]̂ . Also we consider the map
δ : Zp
[
a4, a6,Δ
−1,Λ,Λ−1
]̂ → Zp[a4, a6, a′4, a′6,Δ−1,Λ,Λ′,Λ−1]̂ , (8)
δf := f
φ − f p
p
.
For any expression of the form w = n0 + n1φ ∈ Z ⊕ Zφ we set
f w = f n0(f φ)n1 for f ∈ Zp[a4, a6,Δ−1,Λ,Λ−1]̂ . (9)
For any f ∈ Zp[a4, a6, a′4, a′6,Δ−1]̂write
f ∗Λ := f (Λ4a4,Λ6a6, δ(Λ4a4), δ(Λ6a6)), (10)
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f ∗Λ = Λw · f. (11)
Similarly if q and q ′ are variables consider the ring Zp((q))̂ := Zp[[q]][q−1 ]̂ , the ring ho-
momorphism
φ : Zp((q))̂ → Zp((q))[q ′]̂ , F → φ(F ) = Fφ := F
(
qp + pq ′), (12)
and the map
δ : Zp((q))̂ → Zp((q))[q ′]̂ , F → δF := F
φ − Fp
p
.
Following [2] we define then the Fourier (q, q ′)-expansion map
Zp
[
a4, a6, a
′
4, a
′
6,Δ
−1]̂ → Zp((q))[q ′]̂ , (13)
f → f (q, q ′) := f (a4(q), a6(q), δ(a4(q)), δ(a6(q))),
where
a4(q) := −2−43−1E4(q), a6(q) := −2−53−3E6(q),
E2m(q) := 1 − 4m
B2m
∞∑
n=1
σ2m−1(n)qn,
the usual normalized Eisenstein series, with B2m the Bernoulli numbers. The following was
proved in [2, Corollary 7.26].
Theorem 2.1. [2] There exists fjet ∈ Zp[a4, a6, a′4, a′6,Δ−1 ]̂ of weight −1 − φ with Fourier
(q, q ′)-expansion
fjet(q, q ′) = 1
p
log
qφ
qp
=
∞∑
n=1
(−1)n−1pn−1n−1
(
q ′
qp
)n
.
By the way, the fjet above is unique because of the “(q, q ′)-expansion principle” proved in
[2, Proposition 7.21], saying that, for any w, the Fourier (q, q ′)-expansion map in Eq. (13) is
injective on the set of elements of weight w; by loc. cit. this map actually stays injective after
tensorization with Fp . We will not need this “(q, q ′)-expansion principle” in what follows but
we will use the classical q-expansion principle in characteristic p:
Lemma 2.2. [5,6] For any integer m ∈ Z the Fourier expansion map
Fp[a4, a6] → Fp[[q]]
is injective on the set of elements of weight m.
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Theorem 2.3. [2] There exists a constant c1 ∈ F×p such that the reduction mod p, f¯jet ∈
Fp[a4, a6, a′4, a′6,Δ−1], of fjet equals
f¯jet = c1f¯def.
Combining Theorems 2.3, 2.1, and 1.1 and using the fact that Ep−1(q) = 1 [6, p. 168] we get
cΔ(q)−p
(
2a4(q)pδ
(
a6(q)
)− 3a6(q)pδ(a4(q)) )+ cΔ(q)−pΦ0(q) = c−11 · q ′qp , (14)
where the overline means, as usual, reduction mod p. Setting q ′ = 0 in Eq. (14) we get the
following formula for the Fourier expansion of Φ0:
Corollary 2.4.
Φ0(q) = −2a4(q)p
(
a6(qp)− a6(q)p
p
)
+ 3a6(q)p
(
a4(qp)− a4(q)p
p
)
.
Remark 2.5. The right-hand side of the equation in Corollary 2.4 is the reduction mod p of a
divided congruence in the sense of Katz [5].
Lemma 2.6. The polynomial Φ0 has weight 11p − 1.
Proof. This can be seen by inspecting Hurlburt’s explicit formula for Φ0 in [3]; but it can also
be proved a priori as follows. By Theorems 2.3 and 1.1 one can write
fjet = γ
(
Ep−1Δ−p
(
2ap4 a
′
6 − 3ap6 a′4
)+Δ−pΦ0)+ pg (15)
where γ ∈ Z\pZ, Φ0 ∈ Zp[a4, a6] is a lifting of Φ0, and g ∈ M1. We get
Λ−1−φ · fjet = fjet ∗Λ
= γΛp−1Ep−1Λ−12pΔ−p
(
2Λ4pap4 δ
(
Λ6a6
)− 3Λ6pap6 δ(Λ4a4))
+ γ (Λ−12pΔ−p) ·Φ0 ∗Λ+ pg ∗Λ. (16)
Since δ(Λ4a4)|Λ′=0 = Λ4pa′4 (and similarly for a6), setting Λ′ = 0 in Eq. (16) we get
Λ−1−p · fjet = γΛ−1−pEp−1Δ−p
(
2ap4 a
′
6 − 3ap6 a′4
)+ γ (Λ−12pΔ−p) ·Φ0 ∗Λ+ pg ∗Λ.
(17)
From Eqs. (15) and (17) we get
Λ−12p ·Φ0 ∗Λ ≡ Λ−1−p ·Φ0 mod p
and our claim is proved. 
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Consider the classical operators
θ := q ∂
∂q
: Zp[[q]] → Zp[[q]], (18)
∂ = −2332a6 ∂
∂a4
+ 24a24
∂
∂a6
: Zp[a4, a6] → Zp[a4, a6]; (19)
in particular, ∂Δ = 0. Denote by θ¯ and ∂¯ the operators induced by tensorization with Fp . Recall
[6, pp. 161 and 164] that, if P(q) := E2(q) ∈ Zp((q)) is the Ramanujan series then its reduction
mod p, P(q) ∈ Fp[[q]], satisfies
P(q) = Ep+1(q) (20)
and, for any f¯ ∈ Fp[a4, a6] of weight m, we have
12θ
(
f¯ (q)
)= (∂¯f¯ )(q)+mP(q)f¯ (q). (21)
Using Eq. (21) we get the following congruences mod p in Zp((q)):
12θ
(
a4(qp)− a4(q)p
p
)
= 1
p
12q ·
(
da4
dq
(
qp
)
pqp−1 − pa4(q)p−1 da4
dq
(q)
)
≡ [12θ(a4(q))]p − 12θ(a4(q))a4(q)p−1
≡ [4P(q)a4(q)− 72a6(q)]p − [4P(q)a4(q)− 72a6(q)]a4(q)p−1
≡ 4P(q)pa4(q)p − 4P(q)a4(q)p − 72a6(q)p + 72a6(q)a4(q)p−1.
Similarly one gets the following congruence mod p in Zp((q)):
12θ
(
a6(qp)− a6(q)p
p
)
≡ 6P(q)pa6(q)p − 6P(q)a6(q)p + 16a4(q)2p − 16a4(q)2a6(q)p−1.
Using the above congruences and Corollary 2.4 one easily discovers that the following equality
holds in Fp[[q]]:
12θ¯
(
Φ0(q)
)= [1
2
Δp − 1
2
Δ · (a4a6)p−1
]
(q). (22)
We claim that Φ0 is a solution of Eq. (5), i.e.
Ep−1 · ∂¯Φ0 −Ep+1 ·Φ0 = 12Δ
p − 1
2
ΔE2p−1 · (a4a6)p−1. (23)
To check that Eq. (23) holds note that both terms of this equation have weight 12p (cf. Lemma 2.6)
and have the same Fourier expansion (cf. Eqs. (20)–(22)). We conclude by the q-expansion prin-
ciple (cf. Lemma 2.2). This ends the proof of the first assertion in Theorem 1.2.
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Lemma 3.1. Let
0 = g ∈ Fp[x1, . . . , xn], f ∈ Fp
[
x1, . . . , xn, g
−1]
be such that
∂f
∂x1
= · · · = ∂f
∂xn
= 0.
Then
f ∈ Fp
[
x
p
1 , . . . , x
p
n , g
−p].
Proof. Induction on the number of irreducible factors of g. 
To check the second assertion of Theorem 1.2 note that we already checked that Φ0 has weight
11p−1; cf. Lemma 2.6. Assume Φ1 ∈ Fp[a4, a6] has weight 11p−1 and satisfies Eq. (5). Then
Φ2 := Φ1 −Φ0 satisfies
∂¯(Φ2/Ep−1) = 0 (24)
in the field of rational fractions Fp(a4, a6). On the other hand, if
D := 4a4 ∂
∂a4
+ 6a6 ∂
∂a6
is the usual Euler operator with respect to the weights 4 and 6 acting as a derivation on Fp(a4, a6)
then DF = mF for any polynomial F ∈ Fp[a4, a6] of weight m. We get
D(Φ2/Ep−1) = 0. (25)
Since ∂¯ and D form a basis of the Fp(a4, a6) vector space of all derivations of Fp(a4, a6) it
follows that
∂
∂a4
(Φ2/Ep−1) = ∂
∂a6
(Φ2/Ep−1) = 0.
By Lemma 3.1 we can write
Φ2/Ep−1 =
(
F/ENp−1
)p
,
for some F ∈ Fp[a4, a6]. By [6, p. 167], the polynomial Ep−1 does not have multiple factors.
Write
Ep−1 = G1 · · ·Gs
306 A. Buium / Journal of Number Theory 119 (2006) 297–306with Gi irreducible in Fp[a4, a6] and write
F/ENp−1 = H/Gn11 · · ·Gnss
with H ∈ Fp[a4, a6] and n1, . . . , ns  0 minimal. We get
G
n1p
1 · · ·Gnsps Φ2 = HG1 · · ·Gs.
Since no Gi divides H it follows that all ni = 0. Hence Φ2/Ep−1 is a pth power of a polynomial
which must then have weight 10. But the only such polynomials are the Fp-multiples of a4a6
which concludes the proof. 
References
[1] M. Barcau, Isogeny covariant differential modular forms and the space of elliptic curves up to isogeny, Compos.
Math. 137 (2003) 237–273.
[2] A. Buium, Differential modular forms, J. Reine Angew. Math. 520 (2000) 95–167.
[3] C. Hurlburt, Isogeny covariant differential modular forms modulo p, Compos. Math. 128 (1) (2001) 17–34.
[4] C. Hurlburt, Zero loci of differential modular forms, J. Number Theory 98 (1) (2003) 47–54.
[5] N. Katz, p-adic properties of modular schemes and modular forms, in: Lecture Notes in Math., vol. 350, Springer,
New York, 1973, pp. 69–190.
[6] S. Lang, Introduction to Modular Forms, Springer, 1976.
[7] G. Robert, Congruences entre séries d’Eisenstein dans le cas supersingulier, Invent. Math. 61 (1980) 103–158.
